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Abstract

Hop�eld neural networks are often used to solve diÆcult combinatorial

optimization problems. Multiple restarts versions �nd better solutions but

are slow on serial computers. Here, we study two parallel implementations
on SIMD computers of multiple restarts Hop�eld networks for solving the

maximum clique problem. The �rst one is a �ne-grained implementation on

the Kestrel Parallel Processor, a linear SIMD array designed and built the

University of California, Santa Cruz. The second one is an implementation

on the MasPar MP-2 according to the \SIMD Phase Programming Model", a

new method to solve asynchronous, irregular problems on SIMDmachines. We

�nd that the neural networks map well to the parallel architectures and a�ord

substantial speedups with respect to the serial program, without sacri�cing

solution quality.

Keywords: Combinatorial Optimization, Hop�eld Neural Networks, Single Instruction-
Multiple Data Parallel Computer, Maximum Clique, Parallel Programming Models
for Irregular Problems

Introduction

A clique in a graph is a subgraph that is completely connected. The maximum clique
problem is the NP-hard problem of �nding the largest clique in a given graph [12].
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This problem has many practical applications in science and engineering [7]. These
include computer-aided circuit design, computer vision [3], protein structure match-
ing [38], distributed fault diagnosis in multiprocessor systems [5], and constraint
satisfaction problems [20].

Not only is the problem diÆcult to solve exactly, it is also NP-hard to solve
near-optimally. For this reason, there are no algorithms that solve the problem (not
even near-optimally) in reasonable time. Hence, heuristic methods abound.

In this paper, we consider a discrete Hop�eld neural network approach to the
maximum clique problem. A sequential implementation of this network was pre-
sented by Jagota [21]. Here we design parallel implementations. We exploit the
fact that the neural network is well-suited to parallel implementation on a Single
Instruction{Multiple Data (SIMD) computer. Speci�cally, we design and evaluate
two parallel implementations, one on a MasPar parallel computer, and one on a spe-
cialized array processor, Kestrel, designed and built at UCSC. We �nd that both
these implementations a�ord great speedups over the serial implementation.

Previous Work

Over the past few decades, there have been a number of di�erent approaches to
the maximum clique problem [7]. It is impossible to discuss them all here, hence
we restrict ourselves to those that use neural networks and to previous work on
parallel implementations of neural networks. More broadly, Smith o�ers a review of
the research in the �eld of neural networks for combinatorial optimization, with a
comprehensive bibliography [36].

The earliest encoding of the maximum clique problem in a Hop�eld network [17]
can be found in the work by Ballard et al. [4]. They employ a discrete Hop�eld
model in which r of the N units are updated simultaneously, thus spanning from
fully asynchronous (r = 1) to fully synchronous (r = N). Their focus, however, is on
studying the convergence rate as a function of r, measured by the number of parallel
updates, rather than on the quality of solution. Ramanujam and Sadayappan [31]
proposed an encoding that employs non-binary weights and admits invalid solutions,
but no experimental results are reported. In the work by Lin and Lee [25] an N-
vertex graph is mapped onto a \maximum neural network" with 2(N + 1) neurons.
Even though the network is said to admit an energy function, the energy function
is not used to enforce the constraints in the evolution.

The algorithm described in this paper is based on the work of Jagota [20, 21, 23].
The main di�erences with previous works can be summarized as follows: i) an N-
vertex graph is mapped onto an N-node network, ii) weights and states are binary,
iii) no infeasible solutions are admitted, and iv) the evolution is based on an energy
function.

The parallel implementation of neural networks has been an active research area
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because neural networks intrinsically exhibit concurrency. Lin et al. present a model
for mapping multi-layer perceptron neural networks onto SIMD parallel computers
[26]. Prechelt [30] explores compiler techniques to increase the eÆciency of neural
network classi�ers on parallel computers. He o�ers results obtained on a MasPar
MP-1 SIMD parallel computer. Misra has written a good survey with a rich bib-
liography, on parallel implementations of di�erent neural network [27]. There do
not appear to be any SIMD implementations of neural network solutions to the
maximum clique problem.

Bertoni, Campadelli and Grossi [6] present an interesting algorithm for �nding
a large clique using a Hop�eld network. They also provide a small-scale parallel
implementation of this algorithm. The reported experimental results are quite good.
For all of the above reasons, we think that this work is important to review in detail,
which is what we do in the next few paragraphs.

Their algorithm is inspired by an algorithm developed by one of us (Jagota [21])
called �-annealing, so let us review that �rst. Like most other neural algorithms,
�-annealing maps the clique problem to a Hop�eld network whose node set equals
the node set of the given graph. If nodes i and j are adjacent in the given graph,
then the weight wij in the network is set to 1, otherwise it is set to � < 0. When
� < �2n, where n is the number of nodes in the graph, the stable states of the
network correspond to maximal cliques in the graph. The �-annealing algorithm
starts from a � close to 0 and gradually decreases � until it becomes less than �2n.

More precisely, let the annealing schedule be 0 > �0 > �1 > : : : > �m. The
network may be set to any state initially. At the � setting �0, it is then driven to a
stable state (which is typically not a clique). Let Si denote the stable state reached
by the network during the setting � = �i. Si then becomes the initial state for the
setting � = �i+1. The stable state Sm reached under the setting � = �m is a maximal
clique.

Bertoni, Campadelli and Grossi proposed a somewhat similar algorithm that
they called Iterative Hop�eld Nets (IHN). The Hop�eld network structure is the
same as in the previous paragraph; the di�erence is in the weights. In IHN, the
initial state is set to \all vertices in the given graph". The initial energy function E0

has two terms | one that penalizes pairs in S that are non-adjacent in the graph
and one that rewards large jSj when S is a clique. The network is driven to a energy
minimizing state S at E0. If some pairs in S are non-adjacent in the graph, a new
energy function E1 is derived from E0 in which the penalties of these speci�c pairs
are increased. The network is again driven to a minimum, of this energy function,
starting from the same S. And so on. The authors have implemented a small version
of IHN (32 nodes) in FPGAs.

Our work in the present paper is related to that of IHN in that both employ
Hop�eld networks. The main di�erence is that we use multiple restarts (with and
without adaptation). Over the years, we have formed a growing appreciation for
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stochastic strategies, especially ones employing multiple restarts. We have found
them to work better than our earlier strategies. Moreover, our approach provides
an easy way to control the trade-o� between solution quality and running time (by
controlling the number of restarts). On the other hand, we should note that the
solution qualities found by IHN experimentally seem to be quite good | as good
or in some cases better than those of ours in the present paper, in comparable
instances (see the section Experimental Results for a more detailed comparison).
Still, by increasing the number of restarts we expect to be able to match or exceed
their results.

Now let us brie
y compare our work in this paper with IHN from the parallel
implementation point of view. First, we note that the IHN hardware implemen-
tation is algorithm-speci�c, whereas ours of the present paper maps the algorithm
onto a generic SIMD computer. Next we note that in its present form the FPGA
implementation of IHN is very small, whereas we can handle problems of up to the
size of the parallel machine. Finally, we observe that using multiple restarts lends
itself nicely to parallelization. Multiple independent restarts can be run indepen-
dently in parallel; multiple adaptive restarts require occasional (or frequent) global
synchronization which make the parallelization somewhat interesting.

We now turn our attention to non-neural parallel approaches to the maximum
clique problem. These include the work by Pardalos et al. in which they imple-
ment an exact search algorithm on a network of four Sun4 workstations using MPI
in Fortran-77 [29]. No results on standard DIMACS graphs are reported. The
work by Shinano et al. [34] proposes another exact solution to maxclique based on
branch-and-bound and its parallel implementation on a network of IBM RS/6000
workstations. They o�er some solution quality and run time results on few DIMACS
graphs. Finally, it is worth mentioning the work by Alizadeh [1] in which a linear
programming technique is parallelized to obtain sub-linear parallel run time on per-
fect graphs (for which computing the maximum clique exactly is polynomial [24]).
No experimental results are reported.

The work presented in this paper combines and expands our previous work on
SIMD implementations of asychronous problems [9] and a speci�c work on SIMD
implementations of Hopield networks for Maximum Clique [10].

The Optimizing Neural Network

Given an undirected graph G = fV;Eg, composed of a set of N = jV (G)j vertices
and a set of jE(G)j edges, we build a corresponding discrete Hop�eld network [21]
as in Fig. 1. The Hop�eld network is completely connected, and weights wij are
assigned to the edges according to the following rule: wij = 0 if vertices i and j are
connected by an edge, wij = �1 otherwise. A bias input to the nodes is initialized
to Ii =

1

2
, 8i.
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Figure 1: A sample graph (left) and the corresponding Hop�eld neural

network used to approximate its maximum clique (right).

A state Si 2 f0; 1g associated with each node indicates that the node is included
in the clique under construction when Si = 1. The input to node i is

ni =
X
j 6=i

wijSj + Ii

Any serial update of the form:

Si(t + 1) =

8><
>:

1 if ni(t) > 0
0 if ni(t) < 0
Si(t) otherwise

minimizes the network energy:

E(~S) = �
1

2

X
ij

wijSiSj �
X
i

IiSi

with lower energy minima corresponding to larger cliques. At each step, a node
i : �Ei < 0 is picked by a random selection, with probability

pi =
�EiP

j:�Ej<0
�Ej

where

�Ei(t) = �(Si(t)� Si(t� 1))ni

is the network energy decrease caused by the (possible) switch of node i.
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maxclique()

{ read_graph() // read graph description into ~W = wi;j

8i; Ii  0:5 // initialize nodes' bias
�r  1, �p  1 // initialize reward and penalize coeÆcients

Cbest  ~� // initialize best clique to empty
for r = 1 to RESTARTS do

{ find_a_clique() // call the energy descent function
if(jCj > jCbestj) // C is the clique just found
{ 8i 2 C; Ii  Ii + �r � (jCj � jCbestj) // larger clique found: reward nodes in C

Cbest  C
}

else

8i 2 C; Ii  Ii � 1� �p � (jCbestj � jCj) // penalize nodes in C
normalize_bias() // normal. all nodes' bias to ]0; 1[
�r  �r � 1:001; �p  �p � 0:999 // adjust adaptation coeÆcients

}

return(Cbest)

}

Figure 2: The maximum clique algorithm with adaptive restarts.

The complete algorithm (Fig. 2) uses multiple restarts to avoid local minima.
Moreover, the restarts are adaptive, to focus on the most promising areas in the
network. If a larger clique is found in a restart, then the bias input of each node in
the clique is increased (the clique is rewarded), so that in the next restart the search
will focus on its neighborhood. Otherwise, the bias inputs of the corresponding nodes
are decreased (the clique is penalized), so that the search can gradually unfocus from
a given clique [21, 22].

find_a_clique()

1: { ~S  ~� // initialize clique to empty

2: ~n ~I // initialize inputs to bias
do

3: { 8i; Vi  

�
1 if ni > 0 and Si = 0
0 otherwise

// node i can be selected
// node i can not be selected

4: 8i; �Ei  �Vi � ni // compute energy variations

5: k  F ( ~�E) // F () picks next node
6: if (k = 0) return // no more selectable nodes, clique found
7: Sk  1 // add node k to clique under construction
8: ~n ~n+ ~wk // and update all nodes' inputs

} while(1)

}

Figure 3: The network evolution function that �nds a clique.
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The basic algorithm would apparently require O(N2) computation time for each
restart loop. However, it can be easily worked out so that the total network energy
does not need to be evaluated at each step. Moreover, the inputs to the nodes are
updated upon a node status change, rather than re-computed every time. These
two modi�cations bring the complexity of a cycle down to O(N) (Fig. 3, lines 4 and

8) at the expense of adding a \switch vector" ~V , whose values are also computed
in O(N) time (line 3). The function F () (line 5) performs the random selection
and returns the selected node or 0 if no nodes can be added to the clique. Finally,
the algorithm in Fig. 3 has been stripped of the instructions that take into account
the possible removal of a node from the clique under construction. This condition
can only happen when the network (the ~S vector) is initialized to some non-empty
state where some nodes are not part of the clique. The selection mechanism always
selects nodes that are in N(C) (where C is the clique under construction), therefore,
starting from an empty clique, no node removal is necessary.

Two Parallel Implementations

We evaluated two parallel implementations of the neural network algorithm: a
�ne-grained one that involves mainly parallelizing the vector computations, and
a coarse-grained one in which each PE executes its own copy of the entire algorithm
independently on its own copy of the entire graph.

The UCSC Kestrel parallel processor

The UCSC Kestrel parallel processor was originally developed at the University of
California, Santa Cruz, with the intent of speeding up string comparison algorithms
(such as the Smith and Waterman algorithm [37]) used for DNA and protein se-
quence analysis [18, 13, 33]. A database search engine based on the Kestrel system
is currently available on the web [15].

Kestrel's architectural model is a 512-PE SIMD linear array implemented as a
single-board system [8, 14]. The system is composed of a PCI interface unit, an
instruction memory, the array controller, and the PE array (Fig. 4, left).

Input and output of data to and from the PE array can take place only at the
array ends, through the array controller, with input and output queues providing
synchronization with the PCI bus.

Each PE (Figure 4, right) is composed of 3 basic blocks: an operating unit, a
local memory and two banks of \systolic shared registers" [19]. The 8-bit operating
unit groups an ALU, a multiplier, a bit-shifter (also used for conditional operation
and PE masking), a comparator and some 
ag logic. The local memory is a 256-
byte static RAM (operating at the same speed as the ALU) that can be addressed
using local indirection. A unique inter-PE communication solution makes Kestrel
di�erent from other linear PE arrays. Both the left and the right register banks
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Figure 4: The Kestrel system high-level structure (left) and a detail of the

PE array (right).

can be used by the PE as the source or the destination of any operation. In this
way, 1-step inter-PE communication is performed simply by choosing the correct
register banks as source and destination of an operation. A global wired-or signal
(like the globalor in MasPar MPL) is detected by the controller and used to poll
the PEs to perform global branching in the instruction sequence, including program
termination.

Fine-grain Kestrel implementation

The mapping of the neural network algorithm onto the Kestrel parallel computer led
to a \classic" �ne-grain implementation, with one network node per PE. Therefore,
the largest graph that can be solved with the current Kestrel system has 512 nodes.
The key point in this implementation is that the steps at lines 1, 2, 3, 4 and 8
(Fig. 3) are performed in parallel on all N nodes (PEs), bringing down their time
complexity to O(1). The delicate point in the loop remains the selection function
F (), whose complexity is still �(N).

The MasPar MP-2

The MasPar MP-2 is a well-known parallel processor and does not need to be de-
scribed in detail here. We only mention the fact that it is a SIMD bi-dimensional
array composed of 1k, 2k, 4k, 8k or 16k PEs (our programs were tested using a
4k-PE MP-2). The MasPar MP-2 architecture is essentially identical to the MasPar
MP-1 architecture [28], except that the internal word length is 32 bits instead of
four and the bandwidth to local memory is doubled.
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Coarse-grain MasPar implementation

Figure 5 depicts the high-level mapping of our algorithm to the MasPar. Initially,
the graph is read and a copy of it is stored into each PE's local memory. Then, each
PE (the dashed boxes in Fig. 5) executes the algorithm on its own copy of the graph
and performs the adaptation on its own copy of the weights. Di�erent PEs follow a
di�erent stream of random numbers, used by the function F to select the nodes, and
therefore explore a di�erent region of the solution space. A synchronization barrier
(the dash-dotted line) is used to compare the individual solutions and output the
largest clique found.

Graph read and global initialization

Cbest(1)= Φ

return Cbest

PE P

inner loop

adaptation

returns C

sets Cbest(2)

inner loop

adaptation

returns C

sets Cbest(P)

Cbest(P)= ΦCbest(2)= Φ

inner loop

adaptation

returns C

sets Cbest(1)

r rr

PE 1 PE 2

synchronization

Cbest = MAX(Cbest(i)), i = 1,..,P

Figure 5: The MasPar \SPPM" implementation with individual adapta-

tion.

Figure 6 shows a variant of this in which the adaptation is performed globally. In
this case, there is a single set of weights. Each PE gets its own copy of these weights.
A synchronization barrier is placed after the find a clique() function returns, and
the largest clique found among all the PEs is broadcast to the whole array. Each
PE then adapts its copy of the weights using this clique. This leads to a new setting
of the weights that is identical with each PE. Again, in the subsequent operation,
PEs will evolve di�erently based on individual sequences of random numbers used
by the node selection function.

With respect to the mapping as in Fig. 5, this mapping achieves better results,
on average, when only a few restarts are performed. This allows all the PEs to
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immediately focus on a promising area in the graph.

Graph read and global initialization

Cr = max{C(i)}, i = 1,..,P
Cbest = max{Cr, Cbest}

adaptation

inner loop
returns C(1) returns C(2)

inner loop inner loop
returns C(P)

adaptationadaptation

r return Cbest

synchronization

PE 1 PE 2 PE P

PE 1 PE 2 PE P

Figure 6: The MasPar \SPPM" implementation with global adaptation.

The \SIMD Phase Programming Model"

Our coarse-grained implementation was to make every PE execute independently
its own copy of the entire algorithm on its own copy of the graph. A coarse-grained
direct mapping of the algorithm onto a SIMD computer would be, in principle,
straightforward.

In a direct mapping, however, all PEs will start the inner loop at the same time,
but they will �nish at di�erent times, since they are likely to �nd cliques of di�erent
sizes. Therefore, all PEs will have to wait idle for the PE that �nishes last. This
is not very eÆcient. Therefore rather than using the direct mapping, here we use
a more sophisticated mapping called \SIMD Phase Programming Model" (SPPM),
that was speci�cally developed to handle this type of situation on SIMD platforms
[9]. In this mapping, PEs that �nish earlier are able to restart without having to
wait for the others to �nish, which yields a more eÆcient parallel implementation
overall. Moreover, the SIMD Phase Programming Model also has the advantage of
simplifying the decomposition of the sequential algorithm into eÆciently paralleliz-
able code.

In a SIMD parallel computer only a single instruction at a time is issued by the
global controller, so it is impossible for di�erent PEs to actually execute di�erent
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instructions at the same time. The \SIMD Phase Programming Model", however,
uses the ability of the PEs to turn themselves on and o� to simulate individual
execution 
ows.

The computational model for SIMD Phase Programming can be viewed as an
enhanced \instruction-level approach" [35, 39]. A parallel computation will be split
into a set of phases, \atomic" sequences of instructions serially executed by the PEs.
A simple way of describing the parallelization process is to start from a 
ow chart
description of the algorithm that we wish to parallelize (Fig. 7).

2

3

4

6

7

5

1

r < RESTARTS

|C| > |Cbest|

Cbest = Φ

α   = α   = 1p Φr

penalize C

S = 

E∆

kS  = 1

k = F(  )E∆

compute V

Cbest = C

r = r + 1

reward C

Init

k == 0

compute

update n

return Cbest

T

T

r = 0

n = I

T

END

START

Figure 7: Flow chart of the complete algorithm, partitioned into phases.

The algorithm is then partitioned into \phases" (the dotted regions in Fig. 7),
where a \phase" is de�ned as a block followed by a one- or multi-way branching
condition (Fig. 9). The partitioning of the algorithm into phases is not unique;
there are multiple choices. For example, phases 4, 5, 6, and 7 could be grouped
into a single phase. However, mapping to separate phases the two blocks following
the branching condition in phase 4 turns out to be more eÆcient in the parallel
implementation. As a further example, phases 1, 2, and 3 could not be grouped into
a single phase, since branching out of a phase is only allowed at the very end of a
phase.

Figure 8 shows the algorithm's 
ow chart at the phase level, with the branching
conditions indicated on the edges.
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return Cbest

7

5

6

2

END

1 3

4

START

Init

r == RESTARTS

r < RESTARTS

k == 0

k > 0

|C|>|Cbest|

|C|<=|Cbest|

Figure 8: Phase-level 
ow chart.

BRANCH

BLOCK

Figure 9: The structure of a phase.

In the parallel execution, the controller has a schedule over phases (Fig. 10). The
phases in this schedule are broadcast to all PEs, in sequence. Each PE knows which
phase to execute next, and executes it in its entirety or not at all. For example, after
executing phase 4, the PEs for which jCj � jCbestj will not execute the instructions
in phase 5.

A group of phases that the controller broadcasts repeatedly is called a \cycle".
Figure 10 shows a single-cycle implementation of the entire algorithm. Depending
on the algorithm, it might be more eÆcient to use multiple cycles. In our case,
most of the computing time will be spent in phases 1, 2, and 3 | the inner loop |
since PEs will be active in phases 4 to 7 only when a clique has been found. This
suggests the two-cycle organization described in Fig. 11. The controller will keep
looping through phases 1, 2, and 3, and only broadcast phases 4 to 7 when some
PEs have found a clique. In this way we avoid broadcasting phases in which PEs
are active only rarely. When all PEs have performed the given number of restarts,
the program ends. The reader is referred to the previous paper for more details on
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Figure 10: Phase-clock diagram of a single-cycle implementation.

this programming model [9].

5

START

7

return Cbest

3
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1

END

4

Init

6

CYCLE 2CYCLE  1

Figure 11: Phase-clock diagram of a more eÆcient two-cycle implementa-

tion.

Experimental Results

Table 1 shows results on some of the DIMACS benchmark graphs [16]. For com-
parison, timings from a serial machine (143 MHz SUN Ultra-SPARC 1 with 256
MB RAM) running the same algorithm are also reported. Even though the se-
rial machine is not a \state-of-the-art" computer, these results still prove that high
speedups can be achieved using relatively slow parallel processors (Kestrel runs at
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20 MHz and the MasPar at 12.5 MHz). All experiments were run with 8K total
restarts, which, on the MasPar, means two restarts using 4K PEs.

The Kestrel implementation achieves an average speedup of about 20 with re-
spect to the serial program and the MasPar implementation achieves a speedup of
about 40, both on the graphs in Tab. 1 and on all 46 DIMACS maximum clique
benchmarks with N � 512. Both parallel implementations maintain the same aver-
age quality with respect to the serial program, with small di�erences accounting for
the random mechanism of the algorithm.

Kestrel MP-2/512 MP-2/4096 Serial
# processors 512 512 4096 1

Graph jV j jEj 
� 
k tk 
m1 tm1 
m2 tm2 
s ts
MANN a27 378 70551 126 125.2 29.5 124.9 64.6 125.2 15.9 124.8 582.5
MANN a9 45 918 16 16.0 8.1 16.0 1.7 16.0 0.8 16.0 12.4
brock200 1 200 14834 21 18.2 4.9 19.6 6.9 19.8 2.8 19.2 42.2
brock400 1 400 59723 27 21.6 7.4 22.3 17.4 23.0 8.8 21.8 94.4
c-fat200-5 200 8473 58 58.0 16.4 58.0 15.7 58.0 3.2 58.0 157.3
c-fat500-10 500 46627 126 126.0 41.7 126.0 80.3 126.0 15.3 126.0 838.2

hamming6-2 64 1824 32 32.0 3.8 32.0 3.4 32.0 1.0 32.0 20.5
hamming8-4 256 20864 16 16.0 4.2 16.0 7.6 16.0 3.4 16.0 33.5

johnson16-2-4 120 5460 8 8.0 3.3 8.0 2.5 8.0 1.3 8.0 16.9
johnson32-2-4 496 107880 - 16.0 8.2 16.0 22.0 16.0 13.7 16.0 109.4

keller4 171 9435 11 11.0 2.6 11.0 4.2 11.0 2.0 11.0 22.2
p hat300-2 300 21928 25 21.3 3.4 23.9 11.4 24.6 4.4 22.7 58.2
p hat500-3 500 93800 50 40.4 7.7 44.2 34.7 45.6 14.3 40.9 182.4

san200 0.7 1 200 13930 30 29.0 4.4 30.0 9.4 30.0 3.1 30.0 43.5
san400 0.9 1 400 71820 100 80.2 8.1 100.0 53.4 99.4 13.4 69.7 230.2
sanr200 0.7 200 13868 18 16.4 4.5 16.9 6.4 16.8 2.8 16.8 36.6
sanr400 0.7 400 55869 - 18.9 6.8 19.1 15.8 19.7 8.3 19.3 80.8

Table 1: Average performance of parallel and serial programs, for 8K

total restarts on di�erent graphs. When known, the optimal clique 
� is

indicated.

The MasPar implementation permits a more elaborate experimentation. In our
Kestrel �ne-grain implementation there are always N = jV j active PEs, but with the
SPPM implementation a program can be run with any number of PEs. The plots
in Fig. 12, left, show a typical behavior of the solution quality as a function of the
number of PEs used, for di�erent numbers of restarts on a sample graph. With only
one restart, there is no adaptation, and solution quality is generally poor. With two
restarts, i.e. with a little adaptation, the solution quality substantially increases.
Execution time, however, is only weakly dependent on the number of PEs, but
increases linearly with the number of restarts (Fig. 12, right). Therefore, when the
number of PEs is much larger than the number of nodes in the graph, doing more
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Geometric average Kestrel MP-2/512 MP-2/4096
values on: 
k=


� ts=tk 
m1=

� ts=tm1 
m2=


� ts=tm2

graphs in Tab. 1 0.95 21.24 0.98 10.42 0.98 37.87
all DIMACS maxclique benchmarks 0.93 21.25 0.94 10.44 0.94 37.40

Table 2: Summarizing the performance: average solution quality (relative

to the optimal solution) and execution times (relative to the serial ma-

chine) for the graphs in Tab. 1 and for all 46 oÆcial DIMACS maxclique

benchmark graphs with N � 512.

than a few restarts is time-consuming without leading to a proportionally better
solution. It is helpful to note that an exact branch-and-bound solver takes 856.65
seconds on 51 IBM RS/6000 workstations to �nd a maximum clique in p-hat500-3

[34].
We now brie
y compare solution quality results with those on IHN by Bertoni,

Campadelli and Grossi [6]. From their Table 1, we excerpt out the solution qualities
obtained by IHN on those DIMACS graphs that are common between their Table 1
and our Table 2. These graphs and the IHN results, in parentheses, are MANN9 (16),
MANN27 (125), p.hat300-2 (25), p.hat500-3 (49), c-fat200-5 (58), san200-0.7.1 (30),
san400-0.9.1 (100), sanr200-0.7 (17), and sanr400-0.7 (21). Comparing these results
with those of ours from Table 2, we note that IHN's solution qualities on these graphs
match or improve on ours. Having said that, we expect to be able to improve our
results by increasing the number of restarts in our approach. The question will then
become \how to compare our results with those of IHN (or other algorithms) taking
both solution quality and running time into account". This makes comparisons hard
in principle (which is more important, solution quality or running time, depends on
the application context). Even if we could resolve this satisfactorily there is the
practical issue of comparing times across di�erent implementations.

As with other asynchronous applications, the \SIMD Phase ProgrammingModel"
implementation exhibits a good parallel speedup

S(n) =
t1 PE
tn PEs

and eÆciency

�(n) = S(n)=n

Moreover, in this case, super-linear speedup is observed (Fig. 13). This phenomenon
is common to depth-�rst parallel searches, when the algorithm returns just the �rst
solution found and not all the possible solutions. This behavior is strongly dependent
on the distribution of the solutions and on the random nature of the search [32].
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Figure 12: MasPar solution quality (as the ratio between the size of the

average clique found and the optimal clique) and execution time as a

function of the number of PEs, for di�erent number of restarts on a sample

graph.
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Figure 13: MasPar parallel speedup (left) and eÆciency (right) for three

sample graphs.

Conclusion

We have presented two di�erent parallel implementations on two SIMD comput-
ers of a discrete Hop�eld neural network approach to approximating the maximum
clique in a graph. The Kestrel �ne-grain implementation exploits the intrinsic par-
allelism of the algorithm, and therefore performs better, with respect to the serial
program, when graphs are large and with large cliques. The MasPar SPPM imple-
mentation o�ers a more 
exible approach because all available PEs can be active
and contribute to the solution at the same time, regardless of the number of nodes
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in the graph. The maximum clique problem has applications in many �elds, and
its parallel neural implementation can extend the scale of problems that can be
eÆciently solved. Moreover, the neural network algorithm itself is somewhat more
generic (the problem-speci�c knowledge is encoded in weights and bias only), which
can make it applicable to other combinatorial problems as well. Indeed, we have
applied the same basic approach (in its serial form) to three variants of the graph
coloring problem with good results [11].
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